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UNIVERSITY

Large-scale Geometric Graphs in Practice Dul JOHNS HOPKINS 7

I Continuous limit models help to understand discrete GNNs and implement them in large-scale
I Graphon NNs show power over dense and random graphs — maintain geometric information?

) E.g.,wireless communication systems, robotic systems, point clouds for 3D models

. . '
, 9
Cellular network Collaborative robots Point clouds

I We study continuous limits of graph NNs as the size of graph grows to infinity ) manifold NNs
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Study on Continuous Limit Models

fed:

100 nodes 800 nodes

143 95

600 399

I Continuous models easier for theoretical insights , Discrete models easier for practical application

Z. Wang
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Graph Filters and Graph Neural Networks Duke @ Jorins Hopkins 2

I Graph convolutional filters are linear combinations of

polynomials on matrix representations of graphs k=0

hoSOX + hlSlX + hQS2X + h3S3X

I Graph neural networks (GNNs) compose layers of graph filters and point-wise non-linearities

Z. Wang Manifold Neural Networks and Generalization Analysis 5



Manifold Filters and Manifold Neural Networks Duke @ Jorins Hopkins 2

I Manifold convolutional filters are linear combinations

. . D g(x) = h(t)e "f(x)dt
of Laplace-Beltrami operator exponentials 0

h(0Ts)e OTsLf +  R(1To)e ITsLf +  R(2To)e 2Tsbf +  R(3T)e 3TsLf
I Manifold neural networks (MNNs) compose layers of manifold filters and point-wise non-linearities

Z. Wang Manifold Neural Networks and Generalization Analysis 6



Manifold Filters and Manifold Neural Networks Duke @ Jorins Hopkins 2

I Manifold convolutional filters are linear combinations X —
, , D 9(x) h(kTs)e "=~ f(x)
of Laplace-Beltrami operator exponentials K=0

h(0Ts)e OTsLf +  R(1To)e ITsLf +  R(2To)e 2Tsbf +  R(3T)e 3TsLf
I Manifold neural networks (MNNs) compose layers of manifold filters and point-wise non-linearities

Z. Wang Manifold Neural Networks and Generalization Analysis 7



JOHNS HOPKINS 73w

HNS HOPKINS 7§ Penn

Sample from high res to low res

Deform from high res
I GNNs have fundamental properties derived from MNNs to understand their performances
) Transferability: Convergence of GNNs to MNNs implies transferability of GNNs across scales

) Stability: Stability of MNNs to manifold deformations reveals stability of GNNs

D Generalization: GNNs can generalize to unseen data with robustness on a manifold
Z. Wang
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Transferability of Graph Neural Networks JOHNS HOPKINS

UNIVERSITY

I GNNs converge to the underlying MNNs provided the filters satisfy spectral continuity conditions

h( )

P-
(HiLiPof) Pn (HiLif) =0 N a, +'°gn(”) KF k2o

—— Lipschitz GNN
—+= GNN
—+ GF

w A~ 0 oo N

Difference of the Outputs

~N

-

)

300 400 500 600 700 800 900
Number of Nodes
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Transferability of Graph Neural Networks

p_
(HiLaPif) Po (1) =0 Nopay D80 e,

GNNs trained on small graphs with continuous filters are able to transfer to large graphs

Z. Wang et al, Geometric Graph Filters and Neural Networks: Limit Properties and Discriminability Trade-o s, IEEE Trans on

Signal Processing

Z. Wang Manifold Neural Networks and Generalization Analysis 10



UNIVERSITY

Stability of GNNs Implied by MNNs JoHNS HOPKINS 74 Penn

I Stability of MNNs to manifold deformations implies stability of GNNs with continuous filters

h()

N M
(HiLif)  (HL%f) =0 —+An+—+Bn  kikepy

Z. Wang Manifold Neural Networks and Generalization Analysis 11



Stability of GNNs Implied by MNNs

I Stability of MNNs to manifold deformations implies stability of GNNs with continuous filters

h( )

N M
(H;L;f)  (H;L%f) =0 —4+A+—+By kfkegw

GNNSs with continuous filters are stable to deformations

Z. Wang et al., Stability to Deformations of Manifold Filters and Manifold Neural Networks, IEEE Trans on Signal Processing

Z. Wang Manifold Neural Networks and Generalization Analysis 12



UNIVERSITY

Generalization of Graph Neural Networks via Manifolds OHNS HOPKINS 728 Penn

I The generalization gap between graph empirical risk and manifold statistical risk
z

X
_ ([ (H Loy x)is 1) M‘( (H;L 5f)(x);9(x))d (x)
) 5 » A( )

1
. log(1=) logn 9
GAm = O CL&H-F N +

GAm = sup —
H2H N

Z. Wang Manifold Neural Networks and Generalization Analysis 13



Generalization of Graph Neural Networks via Manifolds

I The generalization gap between graph empirical risk and manifold statistical risk
VA

xXn
GAw = sup % " (H: LX) Iyl C((HL H)0:900)d (%)
H2H i=1 M
. pm | o A )
_ og(1= ogn d
Ghu = O Gpg+ n B

GNNs trained on sampled graphs with continuous Iters can generalize to the manifold

Z. Wang , J. Cervino et al, A Manifold Perspective on the Statistical Generalization of Graph Neural Networks ,
arXiv:2406.05225

Z. Wang Manifold Neural Networks and Generalization Analysis 14



Generalization of GNNs is Robust to Model Mismatches

| Generalization gap between the graph empirical risk and the mismatched manifold statistical risk
A
1 X .
GA = sup ([ (H:Ln;x)is Iv]) ( (HiL i H)(x);9(x)d  (x)
M

i=1
—— # A( )
log(1=) . logn @
n n

GA = 0 C p=+ +

Z. Wang Manifold Neural Networks and Generalization Analysis 15



Generalization of GNNs is Robust to Model Mismatches

| Generalization gap between the graph empirical risk and the mismatched manifold statistical risk
z
1 X .
GA =sup - ([ (H:Lalis [yl ( (H;LH(x)g(x))d  (x)
HoH N =1 M

; ——— # A( )
log(1=) . logn d
n n

GA = O CL pﬁ+ +

Generalization of GNNs is robust to unseen graphs sampled from mismatched manifolds

Z. Wang et al, Generalization of Graph Neural Networks is Robust to Model Mismatch ,arXiv:2408.13878

Z. Wang Manifold Neural Networks and Generalization Analysis 16



Graph Filters and Neural Networks

Z. Wang Manifold Neural Networks and Generalization Analysis 17



Graph Convolutional Filters

I Graph G with matrix representationS 2 R" " { graph shift operator { and graph signalx 2 R"

I Graph convolutional Iter is de ned as a summation of iterative graph data di usions

5( 1
y=he(S)x=  hS'x { lter with coe cients  hy
k=0

s o Stx o S2x o S°x
ho hy h; hs
y= hi S¥x
@ ) () () *°
/) N N
hoSOX hlle hQSZX h353X

Z. Wang Manifold Neural Networks and Generalization Analysis 18



Graph Convolutional Filters in Frequency Domain

I The matrix S (which is symmetric) admits the eigenvector decompositiof = V V"

Spectral Representation of Graph Filters

Graph lter with coe cients hg, graph signalx and the ltered signal y

5( 1
y=  hSx= h(S)x
k=0

The Graph Fourier Transforms (GFTsk = VHx and § = V"y are related by

5(1
9= he *&=A( )%

k=0

Z. Wang Manifold Neural Networks and Generalization Analysis 19



Graph Convolutional Filters in Frequency Domain

P 1
I The graph lter frequency response is point-wise on a scalar variabléi{ ) = he &

AC )

1;n i;n n;n

I A given graph instantiates the frequency response on its given speci ¢ eigenvalugs

I Eigenvectors do not appear in the frequency response. They determine the meaning of frequencies

Z. Wang Manifold Neural Networks and Generalization Analysis 20



Graph Neural Networks (GNNSs)

Z. Wang

Graph neural network is a cascade &f layers

Each of the layers is composed of graph
convolutionshg(S) and pointwise nonlinearities

De ne the learnable parameter set irhg(S) as H

GNN can be written as a mapy = ¢(H; S;x)

X
|
v
7 h i
73 = hyg(S) x — X1= oz
T Layer 1
X1
X1
2 h i
23 = hyg(S) x — X2= 2
T Layer 2
|2
X2
23 h i
23 = h3g(S) x — X3 = 3
T Layer 3
LX3 = g(H; S x)

Manifold Neural Networks and Generalization Analysis
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Manifold Filters and Neural Networks

) Graph convolutions; Spectral representation of graph Iters; GNN architecture

Z. Wang Manifold Neural Networks and Generalization Analysis 22



Manifold Filters and Neural Networks

Z. Wang Manifold Neural Networks and Generalization Analysis 23



Manifold Convolutional Filters

Z. Wang

d-dimensional manifoldM with Laplace-Beltrami (LB) operator L and manifold signalf

A Manifold Iter with coe cients R is de ned by the input-output relationship
z 1
g(x) = h(t)e " f(x)dt = h(L)f(x)
0

A A A
nOTs) N(1Ts) n(2Ts) n(3Ts)
g= Rh(t)e tfdt
A (+) (+) (+)
N N N
nOTs)e OTstf A(ATs)e Tstf n@2Ts)e 2Ts-f n@ETs)e °Tstf
Manifold Neural Networks and Generalization Analysis 24



Manifold Convolutional Filters

I d-dimensional manifoldM with Laplace-Beltrami (LB) operator L and manifold signalf
I A Manifold Iter with coe cients H is de ned by the input-output relationship

z
g(x) = ' mtye " f(x)dt = h(L)f(x)
0

I Manifold convolutions generalize graph convolutions and standard (time) convolutions

) Discretizing a manifold lter yields a graph Iter with shift operatore Ts‘n
K1 K1
g = A(kTs)e st f A(KTs) (1 Tsln)*f
k=0 k=0

Z. Wang Manifold Neural Networks and Generalization Analysis 25



Manifold Convolutional Filters

I d-dimensional manifoldV with Laplace-Beltrami (LB) operator L and manifold signalf
I A Manifold Iter with coe cients I is de ned by the input-output relationship

z
g(x) = ' Atye " f(x)dt = h(L)f(x)
0

I Manifold convolutions generalize graph convolutions and standard (time) convolutions
) Recover standard convolutions if we make the particular choite= d =dx

Z, zZ,
g(x) = h(t)e "“"f(x)dt = A(t)f(x t)dt
0 0

Z. Wang Manifold Neural Networks and Generalization Analysis 26



Manifold Convolutional Filters in Frequency Domain

I L is self-adjoint and positive semi-de nite, which leads to a discrete spectrum;; g, n+

Spectral Representation of Manifold Filters

Manifold Iter with Iter function h(t), manifold signalf (x) and the lItered signal g(x)
z 1
g(x) = h(t)e '“dtf (x) = h(L)f (x)
0

The frequency components'(i) = H; il 2wy and g(i) = hg; i 2¢y ) are related by
z
a(i) = } h(t)e ' 'ditf(i) = A ()

0

Z. Wang Manifold Neural Networks and Generalization Analysis 27



Manifold Convolutional Filters in Frequency Domain

R
I The manifold Iter frequency response is point-wise on a scalar variabléf{ ) = 01 h(t)e ' dt

AC )

I A given manifold instantiates the frequency response on its given speci ¢ eigenvalues

| Laplace-Beltrami operator possesses in nite spectrum with; / i°% according to Weyl's law

Z. Wang Manifold Neural Networks and Generalization Analysis 28



Manifold Neural Networks (MNNS)

Z. Wang

Manifold neural network is a cascade df layers

Each of the layers is composed of manifold
convolutionsh(L) and pointwise nonlinearities

De ne the learnable parameter set irh(L) as H

MNN can be written as a mapy = (H;L;f)

f(x)
|
v
y1(x) = hy(L)f(x) & 100 =" (ya(x)
T Layer 1
f1(x)
f1(x)
y2(x)
Ya(x) = ha(L)fi(x) —— fa(x) = (y2(x))
T Layer 2
f2(x)
f2(x)
y3(x)
Ya(x) = ha(L)f2(x) —— fa(x)= (ya(x))
T Layer 3
L1‘3.(><)= (H;L;f)

Manifold Neural Networks and Generalization Analysis
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Transferability of Graph Neural Networks

) Graph and manifold convolutions; Spectral representation of graph and manifold Iters;
GNN and MNN architectures

Z. Wang Manifold Neural Networks and Generalization Analysis 30



Transferability of Graph Neural Networks

Z. Wang Manifold Neural Networks and Generalization Analysis 31



Sampled Manifolds as Graphs

| Geometric graph lters and GNNs converge to their underlying manifold Ilters and MNNs

) Convergence enables transferability of geometric GNNs from small to large graphs

I Sample the manifold atf x;g[_, . Construct graphG, with edge weightsw; = K kK

Gaussian kernel-based graphs -graphs

Z. Wang Manifold Neural Networks and Generalization Analysis 32



Geometric Graph Filters and Neural Networks

Z. Wang

Geometric graph lter is de ned by replacing Laplace-Beltrami operator with graph Laplacians,

Z,

g= h(t)e "“"dtf = h(Ln)f; [fli = f(x)

0

Geometric graph neural networks os, ) cascading graph lters and non-linearities (H;Ln;f)

f  — h(Ln)

h(L)

Analyze the properties of GNNs and MNNs with the spectral structures of graphs and manifolds

Manifold Neural Networks and Generalization Analysis
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Geometric Graph Filters and Neural Networks

Z. Wang

Geometric graph lter is de ned by replacing Laplace-Beltrami operator with graph Laplacians,

g:

Z,

h(t)e '“"dtf = h(La)f;  [fli = f(x)

0

Geometric graph neural networks os, ) cascading graph lters and non-linearities (H;Ln;f)

P
fo— ﬁ( i:n)[?]i iin
i=0

P
~ACOIfT
i=0

Analyze the properties of GNNs and MNNs with the spectral structures of graphs and manifolds

Manifold Neural Networks and Generalization Analysis
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Lipschitz and Frequency Di erence Threshold (FDT) Filters

I A lteris An-Lipschitz if its frequency response functiofi( ) is An-Lipschitz continuous

De nition (  -separated spectrum)
The -separated spectrum of a LB operator is de ned as the partition 1( )[ :::[ w~( ) such
thatall {2 «( )and ;2 (), k6 I, satisfy

0 1 2 3

i >

4 5

Z. Wang Manifold Neural Networks and Generalization Analysis 35




Lipschitz and Frequency Di erence Threshold (FDT) Filters

I A lteris An-Lipschitz if its frequency response functiofi( ) is An-Lipschitz continuous

De nition ( -FDT lter)
The frequency response of -frequency Di erence threshold ( -FDT) Iter h(L) satis es

JRC) ACHI o forall ;2 ()

h( )¢

0 1 2 3 4 5

Z. Wang Manifold Neural Networks and Generalization Analysis 36



Convergence of Geometric GNNs to MNNs

Theorem (Convergence of Geometric GNNSs)

If an L-layer GNN (H;L,; ) on G, and MNN (H;L; ) on M have normalized Lipschitz
nonlinearities, it holds in high probability that

P -
(H;Ln;Paf)  Pn (H;L:f) =0 Nipa Poyloa)
L2(Gn) n

with Iters that are -FDT with p O(p = ) and Ap-Lipschitz continuous.

I The properties of large GNNs can be analyzed via MNN Transferability across graph scales

I The error bound shows trade-o between convergence and discriminabilify

Z. Wang et al, Geometric Graph Filters and Neural Networks: Limit Properties and Discriminability Trade-o s, IEEE Trans on
Signal Processing

Z. Wang Manifold Neural Networks and Generalization Analysis 37



Point cloud Model Classi cation Convergence Result

I We evaluate the implementations of GNNs with ModelNet10 classi cation
Z. Wu et al, 3D shapenets: A deep representation for volumetric shapeslEEE CVPR 2015

I Compare the graph output di erences between trained small graphs and large graphs=(1000)

I GNNSs can converge to MNNs as more points are sampled; Lipschitz GNNs have smaller di erences

Z. Wang Manifold Neural Networks and Generalization Analysis 38



Pointcloud Model Classi cation Transferability Result

I We verify the transferability by testing the trained GNNs on graphs with = 1000

Baseline GNN GF GNN Lipschitz GNN
1695 542 | n=300 | 21:97 4:17 | 10:10 1:40 8:60 2:95
1311 497 | n=500 | 1983 594 | 7:74 4.05 7:68 3:75
10:02 387 | n=700 | 1662 2:38 | 7:92 3:14 8:.02 277
6:83 3:96 n=900 | 1385 3:81 | 7:45 4.03 744 3:30

Table: Error rates tested on n = 1000

I Transferability allows the GNNs trained on a small graph directly applied to a large graph

Z. Wang Manifold Neural Networks and Generalization Analysis
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Stability of GNNs Implied by MNNs

) Graph and manifold convolutions; Spectral representation of graph and manifold lters;
GNN and MNN architectures;
) Transferability of GNNs across resolutions based on the convergence of GNNs to MNNs

Z. Wang Manifold Neural Networks and Generalization Analysis 40



Stability of GNNs Implied by MNNs

Z. Wang Manifold Neural Networks and Generalization Analysis 41



Manifold Deformations as Operator Perturbations

I We investigate the stability of MNNs to the manifold deformations

) Consider manifold signaf and a deformation (x) 2 M over the manifold (-small, -smooth)
pO) = L% (x)= Lg(x) = Lf( (x)

) Translate manifold signal perturbations as LB operator perturbations {small)

Theorem (Manifold deformations)

Let the deformation (x) : M ! M satis es dist(x; (X)) and J( ) = | + with
k ke . If the gradient eld is smooth, it holds that

LL °=EL+A;

whereE and A satisfy kEk = O( ) and kAkq, = O( ).

Z. Wang Manifold Neural Networks and Generalization Analysis 42



Perturbed Manifold Filters and Neural Networks

(OHNS HOPKI

UNIVERSITY

\s ¥ Penn

Z. Wang

I Manifold filters are parameterized by Laplace-Beltrami operator L and perturbed operator L°

I In the spatial domain

——9 fo—

I In the spectral domain

— g

PR

i=0

I

:ﬁ( B

I Compare the difference of MNNs and perturbed MNNs with the spectral analysis of L and L°

Manifold Neural Networks and Generalization Analysis
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UNIVERSITY

OHNS HOPKINS EPenn

I A filter is Bp-Integral Lipschitz if its frequency response satisfies

jA(a) A(b)j %; for all a;b 2 (0; 1)

De nition ( -separated spectrum)
The -separated spectrum of a LB operator L is defined as the partition A1( ) [::: [An( ) such
thatall i 2 A( )and j 2 Ai( ), k &1, satisfy

7i 1 >
i

0 A A A3 Ng As Ne

Z. Wang Manifold Neural Networks and Generalization Analysis 44



UNIVERSITY

Integral Lipschitz and Frequency Ratio Threshold (FRT) Filters JOHNs HOPKINS .4 Penn

I A filter is By-Integral Lipschitz if its frequency response satisfies

-~ ~o~. Bnja  bj.

jh(a) h(b)j @to)=2 for all a;b 2 (0; 1)

De nition ( -FRT Iter)
The frequency response of -Frequency Ratio Threshold ( -FRT) filter h(L) satisfies

iC ) R r; forall i 2 A( )

h( )9

0 A A As A As Ae

Z. Wang Manifold Neural Networks and Generalization Analysis 45



Stability of Manifold Neural Networks (OHNS HOPKINS §

Z. Wang

UNIVERSITY

Theorem (Stability of MNNs to deformations)
An L-layer MNN  (H;L;f) have normalized Lipschitz continuous nonlinearities. Let L be the

deformed LB operator with maxf ;2;j =1 jg , then

N M
(H;L;f)  (H;L%f) s = O T A= 4B

if the manifold filters are -FDT with p  O( = ), -FRT with g O( = ), As-Lipschitz

continuous and Bp-integral Lipschitz continuous.

I The difference bound shows a trade-off between stability and discriminability

Z. Wang et al., Stability to Deformations of Manifold Filters and Manifold Neural Networks, IEEE Trans on Signal Processing

Manifold Neural Networks and Generalization Analysis
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Veri cations of Stability under Perturbations

Duke @ JOHNS HOPKINS 7

NIVERSITY

1 We verify the stability by comparing the performance on normal and deformed point clouds

= o o o
= B e N
g 5 g 8

Difference of Error Rates

o
Q
3

——GNN2Ly
——GNN2LyNoPel
——GFaLy
—+GF2LyNoPel

Architecture

e=0.2

e=04

GNN2Ly 7.37% + 1.43% 7.71% £+ 3.96%
GF2Ly 13.76% +6.82% | 13.54% £ 7.16%
Architecture e=0.6 e=0.8

GNN2Ly 8.04% 4 2.83% 11.01% + 6.33%
GF2Ly 14.76% +5.67% | 16.04% + 6.34%

Z. Wang

0.1

0.2

Manifold Neural Networks and Generalization Analysis
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UNIVERSITY

JOHNS HOPKINS w28 Penn

Generalization of GNNs via a Manifold Persepctive

) Graph and manifold convolutions; Spectral representation of graph and manifold filters;
GNN and MNN architectures;

) Transferability of GNNs across resolutions based on the convergence of GNNs to MNNs

) Stability of large-scale GNNs implied by stability of MNNs

Z. Wang Manifold Neural Networks and Generalization Analysis 48



Duke & Jorins Horkins 78 Penn

Generalization of GNNs via a Manifold Persepctive

Manifold Neural Networks and Generalization Analysis



OHNS HOPKINS '.‘Pe n

TY

Generalization Gap of Geometric GNNs via Manifold

The generalization gap between graph empirical risk and manifold statistical risk
z

X
([ (H LX) [y M‘( (HiL 5F)(x);9(x))d (x)

1
GAm = sup —
H2H N

Theorem (Generalization Gap of Geometric GNNs via Manifold)

If there are GNN  (H;Ln; ) on Gn and an MNN  (H; L; ) on M, it holds

in high probability that '
Poe@=) | logn &
o =
GAM = 0 CL&ﬁ—F gn + Oﬁn

with continuous filters and normalized Lipschitz nonlinearities.

I The conclusion can be extended to both node-level and graph-level tasks

I The practical guidance — restrictions on the filter continuity help with the generalization abilities

Z. Wang Manifold Neural Networks and Generalization Analysis



GNN Generalization is Robust to Model Mismatches Duke & Jorins

UNIVERS NIVERS

Generative model mismatch between testing and training graphs is inevitable - robust generalization

I See the manifold mismatches/deformations as perturbations on the generated graphs

) Laplacian operator perturbations and node feature perturbations

x 1 (x) Lf( (x))=L f(x);x2M Lf( (x))=Lf'x);x2M

Graph on M Model g Perturbed graph Perturbed node
Mismatch structure features

Z. Wang Manifold Neural Networks and Generalization Analysis 51



UNIVERSITY

GNN Generalization is Robust to Model Mismatches OHNs HOPKINS 78 Penn

I Generalization gap between the graph empirical risk and the mismatched manifold statistical risk
1 X . z
GA =sup — ([ (H L)l 1) O (HLH()g(x)d (x)
H2H N M

Theorem (Robust Generalization of GNNs to Model Mismatch)

For GNN (H;Ln; ) and an (H;L; ), suppose the mismatch is -small and -smooth, then
it holds in high probability that

1

log(1= logn @
g(1= ) 4 loe
n n

GA =0 C_ P+ +

with continuous filters and normalized nonlinearities.

Z. Wang Manifold Neural Networks and Generalization Analysis



UNIVERSITY

Synthetic Experiments on a Chair Manifold Duke & jorns Horkins

I We compute the generalization gap with a synthetic chair manifold by fixing GNN weights

Z. Wang Manifold Neural Networks and Generalization Analysis 53



Generalization Veri cations on Real-world Datasets Duke & JoHNs HOPKINS |

UNIVERSITY UNIVERSITY

I Generalization gap w.r.t. the number of nodes in the training set for accuracy and loss

S g g

S e < <

o o o

9 9o O 6x10"

1] 1] 1]

S exa0t 5 ]

£ £ 6x10! E a0

T ax10 ° °

9 9 o

o 3x10! © © 3x10'

5 5 4x10" 5

o o o

"] 9 o]

< 100 100 107 < 100 10t 107 < 100 10t

Number of nodes in training set Number of nodes in training set Number of nodes in training set

—— Difference 2 layers 32 hidden units —— Difference 2 layers 64 hidden units —— Difference 3 layers 32 hidden units —— Difference 3 layers 64 hidden units
---- Linear Fit 2 layers 32 hidden units ---- Linear Fit 2 layers 64 hidden units ---- Linear Fit 3 layers 32 hidden units ---- Linear Fit 3 layers 64 hidden units

S o S
510 S S
< 4 g
Q Q 10! Q
o ° o
" " «
a 2 I
o o o
3 3 3

100 107

100 10" 107 10° 10" 107 10° 10*
Number of nodes in training set Number of nodes in training set Number of nodes in training set

(a)Cora (b)CiteSeer (c)PubMed
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Spectral Properties Impacts

JOHNS HOPKINS

UNIVERSITY

I Generalization gap and test accuracy w.r.t. the continuity restriction on the filters on the citation network

@
3

o
S

»
S

N
S

v

S

=
S

IS
&

Test Accuracy (\%)

Accuracy Difference (\%)

40
5 6 7 8 9 10 11 5 6 7 8 9 10 11
Number of nodes in training set Number of nodes in training set
--{-- Multiplier = 0 --+-- Multiplier = 0.001 ---- Multiplier = 0.01
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Spectral Properties Impacts JOHNS HOPKINS

UNIVERSITY

I Generalization gap and test accuracy w.r.t. the continuity restriction on the filters on the citation network

N
N

~
S

o
)

o
2

o
]

Test Accuracy (\%)

Accuracy Difference (\%)

1077 1076 107 1074 1073 1072 ©0 1077 1076 1075 107 1073 1072
Spectral regularizer multiplier Spectral regularizer multiplier
--*-- 90941 nodes --+-- 45470 nodes --+-- 22735 nodes 11367 nodes
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Generalization Robustness Veri cations on Real-world Datasets ~ Dulke & Jorins Hopkins

UNIVERSITY

I Generalization gap for edge and node perturbations for the Arxiv dataset for a 3 layered, 256 feature GNN

—— Perturbation 1%  —=— Perturbation 17%
—+— Perturbation 6% Perturbation 23%
30 —+— Perturbation 12% Perturbation 28%
9 25
g
20
c
8
2
g 15
©
I}
210
I3
o
5
0

10? 10° 10* 10°
Number of nodes

Node feature perturbations Edge removal perturbations
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Generalization Robustness Veri cations on Real-world Datasets ~ Dulke @ Jorns HOrkixs 7

I Generalization gap w.r.t. the number of nodes and perturbation levels on ModelNet point cloud dataset

10 Nodes
008 20 Nodes
—+— 30 Nodes
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Tangent Bundle Neural Networks

I Manifold filters and MINNSs process scalar signals over the manifold without covering vector fields

I We define Tangent Bundle convolution with the Connection Laplacian AF = ihFroGi

I The tangent bundle filter with impulse response h:RT ¥ R is given by
1
G(x) = h(t)e'*F (x)dt = h(A)F (x):
0

- = \
=S X
== A
\/ //\:l?i:x ‘/

(g
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I Manifold filters and MINNSs process scalar signals over the manifold without covering vector fields

I We define Tangent Bundle convolution with the Connection Laplacian AF = ihFEr i

I The tangent bundle filter with impuEe{esponse h:R* T Ris given by
G(x) = h(t)e" F (x)dt = h(A)F(x):
0

h i
I Tangent bundle Fourier Transform is the projections > F =hF; i

1
I Frequency response of tangent bundle filter his ) h( ) = h(t)e ' dt

Theorem (Tangent bundle Filters in the Spectral Domain)

Tangent bundle filters are pointwise in the spectral domain G | = Fl( i) F
I
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Efeg = 0:5n Efeg = 0:3n Efeg = 0:1n

Efng =200 | DD-TNN [ 1:.99 10 * 2:30 10 1:18 10 1:62 10 3:67 10 ° 1:23 10
MNN 3:19 10 1:31 10 2 | 274 10 2 1:55 10 2 | 2:58 10 2 1:82 10
MLP 2:03 10 2:28 10 3 | 1:220 10 2 1:68 10 ® | 3:69 10 ® 1:17 10
Efng =300 | DD-TNN | 1:88 10 1:72 10 1:13 10 1:54 10 3.96 10 1:00 10
MNN 2:68 10 7:64 10 * | 241 10 2 1:05 10 2 | 2:09 10 1:76 10
MLP 1:95 10 1:74 : 8:85 10
Efng = 400 | DD-TNN | 1:95 10
MNN 2:48 10
MLP 2:01 10
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C. Battiloro, Z. Wang. et al., Tangent bundle convolutional learning: from manifolds to cellular sheaves and back, IEEE Trans

on Signal Processing
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Summary: Graph Neural Network Properties via Manifolds OHNS HOPKINS 728 Penn

I We introduce manifold neural networks (MNNs) as the limits of graph neural networks

1 And study their fundamental properties:

) Resolution: GNNs converge to MNNs D) the transferability of GNNs across scales
) Deformation: MNNs are stable to deformations ) the stability of large-scale GNNs

) Robust generalization: GNNs can generalize robustly to unseen data over the manifold

I Informs the practical design of graph neural networks for large-scale geometric graphs

) Point-cloud analysis, Wireless communications, Wind field reconstructions etc.
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