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1 Assumptions and preliminary results

Before showing formally that as the number of nodes increases the differ-
ence between the GNN instatiated from a WNN and the WNN decreases,
we state clearly our assumptions and we introduce some basic theorems,
corollaries and lemmas necessary for our discussion.

1.1 Assumptions

Assumption 1 The graphon W is Ly-Lipschitz, i.e. |W(up,v2) — W(u1,v1)| <
Ly (luz — ua| + |0z — 1)

Assumption 2 The convolutional filters h are Ly-Lipschitz and non-amplifying,
ie. [h(A)] < 1.

Assumption 3 The graphon signal X is Lz-Lipschitz.

Assumption 4 The activation functions are normalized Lipschitz, i.e. |p(x) —
p(y)l < |x =yl and p(0) = 0.



1.2 Definitions

Definition 1 We define the c-band cardinality B, of G, as the number of eigen-
values with absolute value larger than c,

Bye = #{/\m’ : |/\ni| > C} (1)

Definition 2 We define the c-eigenvalue margin dyc of graph Gy as,
One = min{|A,; — )\j| D Ani > cl} 2)
iiF]

1.3 Important Remarks

To prove Theorem 2, we interpret graphon convolutions as generative
models for graph convolutions. Given the graphon W(u,v) = Yz oy Aii () 9i(0)
and a graphon convolution Y = Ty X written as

1
(TaX)(0) = ¥ hA)eio) [ giw)X(w)du
iez\{0} 0
we can generate graph convolutions y, = H,(S,)x, by defining u; =
(i—1)/nfor1 <i<n and setting
[Sulij = W(u;, u;)
[xnli = X(u;) ®)
H,,(Sn)xn = VIR(AL) VX,
where S, is the GSO of G, the deterministic graph obtained from W,
Xy is the deterministic graph signal obtained by evaluating the graphon
signal X at points #;, and A, and V,, are the eigenvalues and eigenvec-
tors of S, respectively. It is also possible to define graphon convolutions
induced by graph convolutions. The graph convolution y, = H,(S,)x,
induces a graphon convolution Y,, = Ty, X, obtained by constructing a
partition [; U...U I, of [0,1] with I; = [(i — 1) /n,i/n] and defining
Wi, (u,0) = [Sylij x T(u € I;)I(v € Ij)
Xn(u) = [xn]; x I(u € I;)
1
(Ta, X)(@) = ¥ D) [ g7 (w)Xn(u)du

icz\{0}

4)



where W,, is the graphon induced by G, X, is the graphon signal induced
by the graph signal x, and A} and ¢! are the eigenvalues and eigenfunc-
tions of W,.

1.4 Graphons as limit objects

To characterize the convergence of a graph sequence {Gn}, we consider
arbitrary unweighted and undirected graphs F = (V/,&’) that we call
“graph motifs”. Homomorphisms of F into G = (V,&,W) are adja-
cency preserving maps in which (i,j) € &’ implies (i,j) € £. There
are |V|V'l = n" maps from V' to V, but only some of them are homo-
morphisms. Hence, we can define a density of homomorphisms t(F,G),
which represents the relative frequency with which the motif F appears
in G.

Homomorphisms of graphs into graphons are defined analogously. De-
noting t(F, W) the density of homomorphisms of the graph F into the
graphon W, we then say that a sequence {G, } converges to the graphon
W if, for all finite, unweighted and undirected graphs F,

,}gﬂot(F'G”) = t(F,W). ®)
It can be shown that every graphon is the limit object of a convergent
graph sequence, and every convergent graph sequence converges to a
graphon [1, Chapter 11]. Thus, a graphon identifies an entire collection of
graphs. Regardless of their size, these graphs can be considered similar
in the sense that they belong to the same “graphon family”.

A simple example of convergent graph sequence is obtained by evalu-
ating the graphon. In particular, in this paper we are interested in de-
terministic graphs G, constructed by assigning regularly spaced points
ui = (i—1)/n tonodes 1 < i < n and weights W(u;, u;) to edges (i,j),
ie.

[Sulij = sij = W(u;, u;) (6)
where S, is the adjacency matrix of G,,. A sequence {G,} generated in

this fashion satisfies the condition in (5), therefore {G,} converges to W
[1, Chapter 11].



1.5 WNNs as deterministic generating models for GNNs

Comparing the GNN and WNN maps ®(#; S; x) and ®(H; W; X), we see
that they can have the same set of parameters H. On graphs belonging
to a graphon family, this means that GNNs can be built as instantiations
of the WNN and, therefore, WNNs can be seen as generative models for
GNNs. We consider GNNs @ (H; Sy; x;,) built from a WNN & (H; W; X)
by defining u; = (i —1)/n for 1 <i < n and setting

[Sn]ij = W(u,-, u]) and

7
[xuli = X(u;) 7

where S;; is the GSO of G, the deterministic graph obtained from W,
and x;, is the deterministic graph signal obtained by evaluating the graphon
signal X at points u;. Considering GNNs as instantiations of WNNs is
interesting because it allows looking at graphs not as fixed GNN hy-
perparameters, but as parameters that can be tuned. In other words, it
allows GNNs to be adapted both by optimizing the weights in H and
by changing the graph G;,. This makes the learning model scalable and
adds flexibility in cases where there are uncertainties associated with the
graph.

Conversely, we can also define WNNs induced by GNNs. The WNN
induced by a GNN ®(H;S,;x,) is defined as ®(H; W,; X,,), and it is
obtained by constructing a partition I; U...U I, of [0,1] with [; = [(i —
1)/n,i/n] to define

Wi (u,0) = [Sp]ij x I(u € ;)TI(v € [;) and

8)
Xn(u) = [xn]i X ]I(M S Il)

where W, is the graphon induced by G, and X, is the graphon signal induced
by the graph signal x,,. This definition is useful because it allows comparing
GNNs with WNNE.

1.6 Preliminary results and lemmas

Proposition 1 Let W : [0,1]2 — [0, 1] be an Ly-Lipschitz graphon, and let W,
be the graphon induced by the deterministic graph G, obtained from W as in (6).



The Ly norm of W — W, satisfies

W =Wl 0112) <\/HW Wil (o) <

%

Proof: Refer to the section 4.1. [ |

Proposition 2 Let T and T’ be two self-adjoint operators on a separable Hilbert
space H whose spectra are partitioned as y UT and w U Q) respectively, with oy N
I['=Qand wNQ = Q. If there exists d > 0 such that minyc, yeq |[x —y| > d
and minyey, yer |¥ —y| > d, then

7| T =T

IEr(7) = Ep ()] = 57—

Proof: See [2]. |

Proposition 3 Let X € L,([0,1]) be an Ls-Lipschitz graphon signal, and let
Xy be the graphon signal induced by the deterministic graph signal x,, obtained
from X as in (7) and (3). The Ly norm of X — X, Satisﬁes

1X = Xl (01)) < —2=

ﬂ

Proof: Refer to the section 4.2. [ |

Theorem 1 Consider the graphon convolution given by Y = Ty X, where h(A)
has low variability for |A| < c. For the graph convolution instantiated from Ty
as yn = Hy(Sn)xn [cf. (3)], under Assumptions 1 through 3 it holds

tmax{Bnc, Bmc}\ _1 Lz _1
Y-Y, <+/Li(L 2| X —n" 2+ Lyc||X
H Vl”Lz— l< 2+ min{énc/émc} >n H ||L2+\@n + ZCH H
)

where Y, = Ty, X, is the graph convolution induced by y, = Hy,(Sn)xn [cf.
(4)], max{Byc, By} is the cardinality of the set C = {i | |[A}| > c}, and
min{dnc, dmc} = min;ec(|A; — )\H_Sgn( )| |)‘z+sgn = AP (A = AL AT =

_1|), with A; and A} denoting the eigenvalues of W and W, respectively. In
particular, if X = X, we have

tmax{Buc, Bmc}\ _1
_ < 2 )
Y= Yol < VEr (2 ZE BBl )y, g a0




Proof: Refer to course website, under lecture 10, Graph-Graphon filter
approximation theorem. |

2 Approximation of WNNs with GNNs

Theorem 2 (WNN approximation by GNN) Consider the L-layer WNN given
by Y = ®(H;W;X), where Fy = Fp = 1and F; = F for 1 < ¢ < L —1. Let
the graphon convolutions h(A) be such that h(A) has low variability for |A| < c.
For the GNN instantiated from this WNN as y, = ®(H; Su; xn) [cf. (7)], under
Assumptions 1 through 4 it holds

7t max{ B¢, Bic}
min{dnc, Ome }

_ _1
1Yo = Ylls, <LES1V/I <L2+ ) HIXIlL,

Ly _1 L-1
+ —=n 24+ LF" "Ly|X
7 2] X
where Yy, = ®(H; Wy; Xy) is the WNN induced by y, = ®(H; Sn; xn) [cf.
(8)], max{Byc, Buc} is the cardinality of the set C = {i | |A}| > c}, and
min{duc, ome} = minjec(|A; — A?+sgn(i)|’ |Ai+sgn(i) =AM A = A AT =
A_1]), with A; and A} denoting the eigenvalues of W and W, respectively.

3 Proof of Approximation of WNNs with GNNs

Proof: To compute a bound for ||Y —Y;||1,, we start by writing it in terms
of the last layer’s features as

FL 2
=%, = 3 | -x], (1)
=1

‘Lz'

At layer ¢ of the WNN & (7; W; X), we have

f = fg g S g
Xp=p( Ll wXi | =p( X TH{RXEA

§=1 §=1



and similarly for ®(H; W,; X,,),
f Frq fe Fpq g
X E_p Zh *Wan 1] =P ZTHf«S'Xn,Efl ’
8= g=1 ~nt
We can therefore write HX{ - X£,4|\L2 as
Frq " Fpq g
’ =P Z THng571 P Z THfg Xn,ffl
Ly g=1 14 g=1 n,l

and, since p is normalized Lipschitz,

Ly

Fra
X[ -x], 2 Tt Xt
Ly
Fpq
< Z THfXX§—1 - THfg Xﬁ,ﬂ—l
g=1 ¢ nt L

where the second inequality follows from the triangle inequality. Looking
at each feature ¢ independently, we apply the triangle inequality once
again to get

S ‘

8 8
TH{gxffl - TH{;géXn,Zfl

Ly

g g
THJZS’XK—I - THﬁfzéqu

Tute (x5, -x5,4)

The first term on the RHS of this inequality is bounded by (10) in The-
orem 1. The second term can be decomposed by using Cauchy-Schwarz
and recalling that |1(A)| < 1 for all graphon convolutions in the WNN

+ ‘
Ly Ly

(Assumption 1). We thus obtain a recursion for HX; - X£ sllL,, which is
given by

F,
|5~ x0,| <% V(1o s TP Buck) gy
14 n,{ L _g:1 min{(gml(gmc} (—111L2
Foq
+ ) Locll X, (12)
g=1
Frq

+Z

né 1H



and whose first term, 25):1 x5 — Xi,o L, = 2?:1 | X8 — X3 ||,, is bounded
as ?’:1 X3 — X§,0||Lz < FyL3/+/3n by Proposition 3.

To solve this recursion, we need to compute the norm ||X§71||L2. Since
the nonlinearity p is normalized Lipschitz and p(0) = 0 by Assumption
2, this bound can be written as

Frq

g g
HXZ—l H <z TarsXia
L, g=1 4

Ly
and using the triangle and Cauchy Schwarz inequalities,

8 g g
X H < 2 X
L H -1 Ly —
2 g=1

8
% i

Tyss

Fpq
<

Ly

where the second inequality follows from |h(A)| < 1. Expanding this
expression with initial condition Xg = X¢ yields

(-1 F
|%], < TR X 1l (13)
=1 g=1

and substituting it back in (12) to solve the recursion, we get

(-1 Fy
(H Fel) Y X2,
g=1

=1

NI

f_ ~f 7_L'Inax{Bnc/Bmc} _
fo XMHLZ SL\/LT<L2+ min{duc, dme} )

=1

(-1 Fy
+Loc | TTFe) X 1X804,
g=1

—FOLBn_%.

V3

_|_
(14)

To arrive at the result of Theorem 2, we evaluate (14) with £ = L and



substitute it into (11) to obtain

FL 2
2
1Y =Yal?, = ¥ | X0 - X
/=1 =

L 7t maxi By, By _1
B (o (T (1) £,

g=1

2
+ Loc (1‘[@) 2||xg\|L2 F\O;?’ > .

(15)
Finally, since Fy = Fp =land Fy = Ffor 1 </ <L -1,
mmax{Buc, Bmc}\ _1 .11
— < L 2F X
IY Yol SV (Lo Emitne Buck o dptt
Ly (16)
+ LFE Ly || X + —2n 2.
[ |

4 Proof of preliminary results and lemmas

4.1 Proof of Proposition 1

Proof: Partitioning the unit intervalas I; = [(i —1)/n,i/n] for1 <i<mn
(the same partition used to obtain S,, and thus W,,, from W), we can use
the graphon’s Lipschitz property to derive

1n (/n 1n 1/n Ly Ly L
W —WnHLl(Il-xI].) < L1/0 /0 |u|dudv + L1/0 /0 |v|dvdu = 53 T8 3
We can then write

2L Ly
||W _Wn”Ll([O,l]z) - ZHW_WnHL](IlXI]) S n 3 =
L]

S‘h

n

which, since W — W, : [0,1]? — [—1, 1], implies

.
IW = Walley o) < /IW = Walo, o) < 22



4.2 Proof of Proposition 3

Proof: Partitioning the unitintervalas I; = [(i —1)/n,i/n]for1 <i<n
(the same partition used to obtain x;, and thus X, from X), we can use
the Lipschitz property of X to derive

1/n 12 L
X - X <\ [ =[5
I illiyy < JE5 f) i \/3;+n 3n

We can then write

L3 L3
X x Y IX-X <n = =
I nllLy (o)) ;H nllz, ) < nv3n /31
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