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1 Assumptions and Preliminary Results

Before delving deeper into the proof of the approximation results for
graph and graphon filters, we state clearly the assumptions under which
the result holds. We also present some propositions we will need in order
to prove our main result.

1.1 Assumptions

Assumption 1 The graphon W is L1-Lipschitz, i.e. |W(u2, v2)−W(u1, v1)| ≤
L1(|u2 − u1|+ |v2 − v1|).

Assumption 2 The convolutional filters h are L2-Lipschitz and non-amplifying,
i.e. |h(λ)| < 1.

Assumption 3 The graphon signal X is L3-Lipschitz.

1.2 Propositions

To prove Theorem 1, we need the following four propositions.
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Proposition 1 Let W : [0, 1]2 → [0, 1] be an L1-Lipschitz graphon, and let Wn
be the graphon induced by the deterministic graph Gn obtained from W as

[Sn]ij = sij = W(ui, uj). (1)

The L2 norm of W−Wn satisfies

‖W−Wn‖L2([0,1]2) ≤
√
‖W−Wn‖L1([0,1]2) ≤

√
L1√
n

.

Proof: See section 4.1. �

Proposition 2 Let T and T′ be two self-adjoint operators on a separable Hilbert
spaceH whose spectra are partitioned as γ∪ Γ and ω ∪Ω respectively, with γ∩
Γ = ∅ and ω∩Ω = ∅. If there exists d > 0 such that minx∈γ, y∈Ω |x− y| ≥ d
and minx∈ω, y∈Γ |x− y| ≥ d, then

‖ET(γ)− ET′(ω)‖ ≤ π

2
‖T − T′‖

d

Proof: See [1]. �

Proposition 3 Let X ∈ L2([0, 1]) be an L3-Lipschitz graphon signal, and let
Xn be the graphon signal induced by the deterministic graph signal xn obtained
from X as in

[Sn]ij = W(ui, uj) and

[xn]i = X(ui)
(2)

and

[Sn]ij = W(ui, uj)

[xn]i = X(ui)

Hn(Sn)xn = VH
n h(Λn)VH

n xn.

(3)

The L2 norm of X− Xn satisfies

‖X− Xn‖L2([0,1]) ≤
L3√
3n

.
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Proof: See section 4.2. �

Proposition 4 Let W : [0, 1]2 → [0, 1] and W′ : [0, 1]2 → [0, 1] be two
graphons with eigenvalues given by {λi(TW)}i∈Z\{0} and {λi(TW′)}i∈Z\{0},
ordered according to their sign and in decreasing order of absolute value. Then,
for all i ∈ Z \ {0}, the following inequalities hold

|λi(TW′)− λi(TW)| ≤ ‖TW′−W‖ ≤ ‖W′ −W‖L2 .

Proof: See section 4.3. �

2 Approximation of Graphon Filters by Graph
Filters

Theorem 1 Consider the graphon convolution given by Y = THX as in

(THX)(v) = ∑
i∈Z\{0}

K−1

∑
k=0

hkλk
i ϕi(v)

∫ 1

0
ϕi(u)X(u)du

= ∑
i∈Z\{0}

h(λi)ϕi(v)
∫ 1

0
ϕi(u)X(u)du, (4)

where for |λ| < c we have that h(λj) = K, and h(λ) has total variation TV(h).
For the graph convolution instantiated from TH as yn = Hn(Sn)xn [cf. (3)],
under Assumptions 1 through 3 it holds

‖Y−Yn‖L2 ≤
√

L1

(
L2 +

πBnc

δnc

)
n−

1
2 ‖X‖L2 +

2L3√
3

n−
1
2 + TV(h)‖X‖L2

(5)
where Yn = THn Xn is the graph convolution induced by yn = Hn(Sn)xn:

Wn(u, v) = [Sn]ij × I(u ∈ Ii)I(v ∈ Ij),

Xn(u) = [xn]i × I(u ∈ Ii),

(THn Xn)(v) = ∑
i∈Z\{0}

h(λn
i )ϕn

i (v)
∫ 1

0
ϕn

i (u)Xn(u)du,
(6)
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Bnc is the cardinality of the set C = {i | |λn
i | ≥ c}, and δnc = mini∈C(|λi −

λn
i+sgn(i)|, |λi+sgn(i) − λn

i |, |λ1 − λn
−1|, |λn

1 − λ−1|), with λi and λn
i denoting

the eigenvalues of W and Wn respectively. In particular, if X = Xn we have

‖Y−Yn‖L2 ≤
√

L1

(
L2 +

πBnc

δnc

)
n−

1
2 ‖X‖L2 . (7)

3 Proof of Filter Approximation Theorem

Proof: [Proof of Theorem 1]

We first prove the result of Theorem 1 for filters h(λ) satisfying h(λ) = 0
for |λ| < c. Using the triangle inequality, we can write the norm differ-
ence ‖Y−Yn‖L2 as

‖Y−Yn‖L2
= ‖THX− THn Xn‖L2

= ‖THX + THn X− THn X− THn Xn‖L2

≤ ‖THX− THn X‖L2
(1) + ‖THn (X− Xn)‖L2

(2)

where the LHS is split between terms (1) and (2).

Writing the inner products
∫ 1

0 X(u)ϕi(u)du and
∫ 1

0 X(u)ϕn
i (u)du as X̂(λi)

and X̂(λn
i ) for simplicity, we can then express (1) as

‖THX− THn X‖L2
=

∥∥∥∥∥∑i
h(λi)X̂(λi)ϕi −∑

i
h(λn

i )X̂(λn
i )ϕn

i

∥∥∥∥∥
L2

=

∥∥∥∥∥∑i
h(λi)X̂(λi)ϕi − h(λn

i )X̂(λn
i )ϕn

i

∥∥∥∥∥
L2

.
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Using the triangle inequality, this becomes

‖THX− THn X‖L2
=

∥∥∥∥∥∑i
h(λi)X̂(λi)ϕi − h(λn

i )X̂(λn
i )ϕn

i

∥∥∥∥∥
L2

=

∥∥∥∥∥∑i
h(λi)X̂(λi)ϕi + h(λn

i )X̂(λi)ϕi

−h(λn
i )X̂(λi)ϕi − h(λn

i )X̂(λn
i )ϕn

i
∥∥

L2

≤
∥∥∥∥∥∑i

(h(λi)− h(λn
i )) X̂(λi)ϕi

∥∥∥∥∥
L2

(1.1)

+

∥∥∥∥∥∑i
h(λn

i )
(
X̂(λi)ϕi − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

(1.2)

where we have now split (1) between (1.1) and (1.2).

Focusing on (1.1), note that the filter’s Lipschitz property allows writing
h(λi) − h(λn

i ) ≤ L2|λi − λn
i |. Hence, using Proposition 4 together with

the Cauchy-Schwarz inequality, we get∥∥∥∥∥∑i
(h(λi)− h(λn

i )) X̂(λi)ϕi

∥∥∥∥∥
L2

≤ L2‖W−Wn‖L2

∥∥∥∥∥∑i
X̂(λi)ϕi

∥∥∥∥∥
L2

and, from Proposition 1,∥∥∥∥∥∑i
(h(λi)− h(λn

i )) X̂(λi)ϕi

∥∥∥∥∥
L2

≤ L2
√

L1√
n
‖X‖L2 . (8)

For (1.2), we use the triangle and Cauchy-Schwarz inequalities to write∥∥∥∥∥∑i
h(λn

i )
(
X̂(λi)ϕi − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

=

∥∥∥∥∥∑i
h(λn

i )
(
X̂(λi)ϕi + X̂(λi)ϕn

i − X̂(λi)ϕn
i − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

≤
∥∥∥∥∥∑i

h(λn
i )X̂(λi)(ϕi − ϕn

i )

∥∥∥∥∥
L2

+

∥∥∥∥∥∑i
h(λn

i )ϕn
i 〈X, ϕi − ϕn

i 〉
∥∥∥∥∥

L2

≤ 2 ∑
i
‖h(λn

i )‖L2‖X‖L2‖ϕi − ϕn
i ‖L2 .
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Using Proposition 2 with γ = λi and ω = λn
i , we then get∥∥∥∥∥∑i

h(λn
i )
(
X̂(λi)ϕi − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

≤ ‖X‖L2 ∑
i
‖h(λn

i )‖L2

π‖TW − TWn‖
di

where di is the minimum between min(|λi−λn
i+1|, |λi−λn

i−1|) and min(|λn
i −

λi+1|, |λn
i − λi−1|) for each i. Since δnc ≤ di for all i and ‖TW − TWn‖ ≤

‖W−Wn‖L2 (i.e., the Hilbert-Schmidt norm dominates the operator norm),
this becomes∥∥∥∥∥∑i

h(λn
i )
(
X̂(λi)ϕi − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

≤
π‖W−Wn‖L2

δnc
‖X‖L2 ∑

i
‖h(λn

i )‖L2

and, using Proposition 1,∥∥∥∥∥∑i
h(λn

i )
(
X̂(λi)ϕi − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

≤ π
√

L1

δnc
√

n
‖X‖L2 ∑

i
‖h(λn

i )‖L2 .

The final bound for (1.2) is obtained by noting that |h(λ)| < 1 and h(λ) =
0 for |λ| < c. Since there are a total of Bnc eigenvalues λn

i for which
|λn

i | ≥ c, we get∥∥∥∥∥∑i
h(λn

i )
(
X̂(λi)ϕi − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

≤ π
√

L1

δnc
√

n
‖X‖L2 Bnc. (9)

A bound for (2) follows immediately from Proposition 3. Since |h(λ)| < 1,
the norm of the operator THn is bounded by 1. Using the Cauchy-Schwarz
inequality, we then have ‖THn(X− Xn)‖L2 ≤ ‖X− Xn‖L2 and therefore

‖THn(X− Xn)‖L2 ≤
L3√
3n

(10)

which completes the bound on ‖Y−Yn‖L2 when h(λ) = 0 for |λ| < c. For
filters in which h(λ) satisfies h(λj) = K for |λ| < c, we obtain a bound
by observing that h(λ) can be constructed as the sum of two filters: an
L2-Lipschitz filter f (λ) with f (λ) = 0 for |λ| < c, and a slow variation
filter g(λj) = K. Hence, by the triangle inequality

‖Y−Yn‖L2 = ‖THX− THn‖L2 ≤ ‖TFX− TFn Xn‖L2 + ‖TGX− TGn Xn‖L2 .
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The bound on ‖TFX− TFn‖L2 is the one we have derived, and for ‖TGX−
TGn Xn‖L2 , we use |g(λ)| ≤ 1 to obtain a first component of the bound
given by

‖TGn (X− Xn)‖L2
≤ ‖X− Xn‖L2 ≤

L3√
3n

. (11)

To obtain the second component we start from

‖TGX− TGn X‖L2
=

∥∥∥∥∥∑i
g(λi)X̂(λi)ϕi −∑

i
g(λn

i )X̂(λn
i )ϕn

i

∥∥∥∥∥
L2

=

∥∥∥∥∥∑i

(
g(λi)X̂(λi)ϕi − g(λn

i )X̂(λn
i )ϕn

i
)∥∥∥∥∥

L2

,

Rearranging the terms we obtain∥∥∥∥∥∑i

(
g(λi)X̂(λi)ϕi − g(λn

i )X̂(λn
i )ϕn

i
)∥∥∥∥∥

L2

≤
∥∥∥∥∥−∑

i
(g(λn

i )− g(λi)) X̂(λn
i )ϕn

i

∥∥∥∥∥
L2

+

∥∥∥∥∥∑i
g(λi)

(
X̂(λi)ϕi − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

then taking into account that g(λj) = K, that g(λ) has total variation
TV(h) and applying Cauchy-Schwartz we have∥∥∥∥∥∑i

(
h(λi)X̂(λi)ϕi − h(λn

i )X̂(λn
i )ϕn

i
)∥∥∥∥∥

L2

≤ TV(h)‖X‖L2

+ K

∥∥∥∥∥∑i

(
X̂(λi)ϕi − X̂(λn

i )ϕn
i
)∥∥∥∥∥

L2

(12)

where the second term in eqn. (12) equals zero. Notice that if h(λ) is
constant TV(h) = 0.

Putting together (8), (9), (10) and (11), we arrive at the first result of the
theorem as stated in (5). The second result [cf. (7)] is obtained by observ-
ing that, for X = Xn, bound (2) in (10) simplifies to ‖THn(X−Xn)‖L2 = 0;
and, similarly in (11), ‖TGX− TGn Xn‖L2 ≤ ‖X− Xn‖L2 = 0. �
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4 Proof of Propositions

4.1 Proof of Proposition 1

Proof: Partitioning the unit interval as Ii = [(i− 1)/n, i/n] for 1 ≤ i ≤ n
(the same partition used to obtain Sn, and thus Wn, from W), we can use
the graphon’s Lipschitz property to derive

‖W−Wn‖L1(Ii×Ij)

≤ L1

∫ 1/n

0

∫ 1/n

0
|u|dudv + L1

∫ 1/n

0

∫ 1/n

0
|v|dvdu =

L1

2n3 +
L1

2n3

=
L1

n3 . (13)

We can then write

‖W−Wn‖L1([0,1]2) = ∑
i,j
‖W−Wn‖L1(Ii×Ij)

≤ n2 L1

n3 =
L1

n

which, since W−Wn : [0, 1]2 → [−1, 1], implies

‖W−Wn‖L2([0,1]2) ≤
√
‖W−Wn‖L1([0,1]2) ≤

√
L1√
n

.

�

4.2 Proof of Proposition 3

Proof: Partitioning the unit interval as Ii = [(i− 1)/n, i/n] for 1 ≤ i ≤ n
(the same partition used to obtain xn, and thus Xn, from X), we can use
the Lipschitz property of X to derive

‖X− Xn‖L2(Ii)
≤

√
L2

3

∫ 1/n

0
u2du =

√
L2

3
3n3 +

L3

n
√

3n
.

We can then write

‖X− Xn‖L2([0,1]) = ∑
i
‖X− Xn‖L2(Ii)

≤ n
L3

n
√

3n
=

L3√
3n

.

�
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4.3 Proof of Proposition 4

Proof: Let A := W′ −W and let Sk denote a k-dimensional subspace of
L2([0, 1]). Using the minimax principle [2, Chapter 1.6.10], we can write

λk(TW) = min
Sk−1

max
X∈S⊥k−1,‖X‖L2=1

〈TWX, X〉 .

Therefore, it holds that

λk(TW′) = λk(TW+A)

= min
Sk−1

max
X∈S⊥k−1,‖X‖L2=1

〈TW+AX, X〉

= min
Sk−1

max
X∈S⊥k−1,‖X‖L2=1

〈TW + TAX, X〉

= min
Sk−1

max
X∈S⊥k−1,‖X‖L2=1

(〈TWX, X〉+ 〈TAX, X〉)

≤ min
Sk−1

(
max

X∈S⊥k−1,‖X‖L2=1
〈TWX, X〉+ max

X∈S⊥k−1,‖X‖L2=1
〈TAX, X〉

)

≤ min
Sk−1

(
max

X∈S⊥k−1,‖X‖L2=1
〈TWX, X〉+ max

`
λ`(TA)

)
= min

Sk−1
max

X∈S⊥k−1,‖X‖L2=1
〈TWX, X〉+ max

`
λ`(TA) = λk(TW) + max

`
λ`(TA) .

where the first inequality follows from max(a + b) ≤ max(a) + max(b)
and the second from the fact that 〈TAX, X〉 ≤ max` λ`(TA) for all unitary
X. Rearranging terms and using the definition of the operator norm, we
get

λk(TW′)− λk(TW) ≤ max
`

λ`(TA) ≤ max
`
|λ`(TA)| = ‖TA‖ ≤ ‖A‖L2 .

(14)

where we have also used the fact that the Hilbert-Schmidt norm domi-
nates the operator norm.

To prove that this inequality holds in absolute value, let A′ = −A. Fol-
lowing the same reasoning as before, we get

λk(TW) = λk(TW′+A′) ≤ λk(TW′) + ‖TA′‖ ≤ λk(TW) + ‖A′‖L2
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and since ‖TA′‖ = ‖TA‖ and ‖A′‖L2 = ‖A‖L2 ,

λk(TW)− λk(TW′) ≤ ‖TA‖ ≤ ‖A‖L2 . (15)

Putting (14) and (15) together completes the proof. �
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