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1 Assumptions and Preliminary Results

Before delving deeper into the proof of the approximation results for
graph and graphon filters, we state clearly the assumptions under which
the result holds. We also present some propositions we will need in order
to prove our main result.

1.1 Assumptions

Assumption 1 The graphon W is Ly-Lipschitz, i.e. |W(up,v2) — W(up,v1)| <
Ly (Juz — ua] + |oz — o).

Assumption 2 The convolutional filters h are Ly-Lipschitz and non-amplifying,
ie. [h(A)] < 1.

Assumption 3 The graphon signal X is Lz-Lipschitz.

1.2 Propositions

To prove Theorem 1, we need the following four propositions.



Proposition 1 Let W : [0,1]2 — [0, 1] be an Ly-Lipschitz graphon, and let W,
be the graphon induced by the deterministic graph G, obtained from W as

[Sulij = sij = W(u;, u)). 1

The Ly norm of W — W, satisfies

%

W = Wally o) < /IIW = Wallp o) <
Proof: See section 4.1. [ |

Proposition 2 Let T and T’ be two self-adjoint operators on a separable Hilbert
space H whose spectra are partitioned as -y UT and w U Q) respectively, with v N
['=Qand wNQ = Q. If there exists d > 0 such that minyc, yeq |[x —y| > d
and minyey, yer |¥ —y| > d, then

IEr() — En(ew) < ZI=T

Proof: See [1]. |

Proposition 3 Let X € L,([0,1]) be an Ls-Lipschitz graphon signal, and let
Xy be the graphon signal induced by the deterministic graph signal x,, obtained

from X as in
[Sn]ij = W(ul-, M]) and ’
[xn]i = X (u;) ?

and
[Sulij = W(u;,u;)
[xn]i = X(u;) 3)
H,(S,:)x, = VHR(A,) VHx,.

The L, norm of X — X, satisfies

1X = Xullry (o)) < ——=

ﬁ



Proof: See section 4.2. [ |

Proposition 4 Let W : [0,1]> — [0,1] and W' : [0,1]> — [0,1] be two
graphons with eigenvalues given by {Ai(Tw) }icz oy and {Ai(Twr) }icz) {0}
ordered according to their sign and in decreasing order of absolute value. Then,
foralli € Z\ {0}, the following inequalities hold

Ai(Tw) = A(Tw)| < ([ Tw-wll < [W' = W, .

Proof: See section 4.3. [ |

2 Approximation of Graphon Filters by Graph
Filters

Theorem 1 Consider the graphon convolution given by Y = Ty X as in

K-1 1
(X)) = Y 3 mbo(®) [ i) X (uydu
i€Z\{0} k=0
1

= ¥ hQ)ei(0) [ ilw)X(wdu, @)

ieZ\{0}

where for |A| < c we have that h(Aj) = K, and h(A) has total variation TV (h).
For the graph convolution instantiated from Ty as y, = Hu(Sy)xu [cf. (3)],
under Assumptions 1 through 3 it holds

7B _1 2L 1
I = Yills < VEr (L2 T2 ) H X+ 2207 E 4 TV )X,
Sne \ﬁ
)
where Yy, = Ty, Xy, is the graph convolution induced by y, = Hy(Sy)Xn:
Wiy (u,0) = [Su]ij x T(u € I})I(v € I;),
Xo(u) = [xq]; x I(u € L), ©)

(T, X)) = D) [ ol ) Xaldn,

icz\{0}



BnC is the cardinality of the set C = {i | |A!| > ¢}, and 6, = min;ee(|A; —
l+sgn | ]/\l+sgn — A A = A" A = Aq|), with A; and A} denoting
the ezgenvalues of W and W, respectively. In particular, if X = X,; we have

7B _1
1Y = Yall, < v/ (Lz+ 5’“)11 21X, @)
nc

3 Proof of Filter Approximation Theorem

Proof: [Proof of Theorem 1]

We first prove the result of Theorem 1 for filters h(A) satisfying h(A) = 0
for |A| < c. Using the triangle inequality, we can write the norm differ-
ence ||Y — Yy, as

1Y = Yol = I TaX = Tot, Xall, = I TaX + T, X — T, X — Tt Xl
S ”THX - THnX||L2 (1) + HTHn (X - Xn)HLZ (2)

where the LHS is split between terms (1) and (2).

ertmg the inner products fo u)@;(u)du and fol X(u)@!(u)du as X(A;)
and X(A!) for simplicity, we can then express (1) as

[TaX — T, X||, =

th(

L,

~HAD KA

1

Ly



Using the triangle inequality, this becomes

ITuX — Tu, X||;, = Zh —h(AD)X(AD) g}

Ly

_|_

where we have now split (1) between (1.1) and (1.2).

Focusing on (1.1), note that the filter’s Lipschitz property allows writing
h(A;) = h(Al) < Lp|A; — A}|. Hence, using Proposition 4 together with
the Cauchy-Schwarz inequality, we get

‘ ¥ (h(A) — B X (A)gi|| < LallW — Wall, | X (A9,
1 Ly ! Ly
and, from Proposition 1,
A L
X004 - B0 K00 < EE X, ®)
i L,

For (1.2), we use the triangle and Cauchy-Schwarz inequalities to write

Y h(AT) (X(A)gi — X(A]) o))

Y (AP (X(A) @i + X (Ao} — X(A) @l — K(A]) @l

Ly

<

7
=
>
=
P

(A)(gi —@)|| +

Y (A9 (X, 9i — )
Ly 1

< 22 IR 1 Xz, i = @7 I,

Ly



Using Proposition 2 with y = A; and w = A}, we then get

|| Tw — Tw, ||
< ||X||LzZ||h e
L, !

Z’M” ) (X(A)gi — X(AD) gl

where d; is the minimum between min(|A; — A7 |, [A; — A _;|) and min(|A} —

Aig1], |A = Ai_q|) for each i. Since d,c < d; for all i and || Tw — Tw, || <
|W—W,||, (ie., the Hilbert-Schmidt norm dominates the operator norm),
this becomes

o o 7T||W Wallr
Zh (A (X(A)gi = XA} | < - ZIIXIIZZIIh )L,
Ly
and, using Proposition 1,
N - /L
X(A)gi — X(A) o) fHX”LzZ”h )Ly
Ly

The final bound for (1.2) is obtained by noting that [#(A)| < 1and h(A) =
0 for |[A] < c. Since there are a total of By eigenvalues A for which
AT > ¢, we get

7T Ll
< X1, Bue-
) < 5m\/ﬁ|| |, Bne )

‘zh(/\?) (X(A)gi — X(AD)el!)

A bound for (2) follows immediately from Proposition 3. Since |1(A)| < 1,
the norm of the operator Ty, is bounded by 1. Using the Cauchy-Schwarz
inequality, we then have || Ty, (X — X;)||1, < [|X — Xu|/1, and therefore

Ls
vV 3n

which completes the bound on ||Y — Y} ||, when h(A) = 0 for |A| < c. For
filters in which h(A) satisfies h(A;) = K for |A| < ¢, we obtain a bound
by observing that /1(A) can be constructed as the sum of two filters: an
L,-Lipschitz filter f(A) with f(A) = 0 for [A| < ¢, and a slow variation
filter g(A;) = K. Hence, by the triangle inequality

1T, (X = X)L, < (10)

Y =Yallr, = 1TaX = Ta, ||, < [1TeX = Te, Xaull1, + [ Te X = T, Xal|L,-



The bound on || TgX — Tg, ||1, is the one we have derived, and for || TgX —
T, Xn||1,, we use |g(A)| < 1 to obtain a first component of the bound
given by

Ls

N3

1T, (X = Xu)llp, < X = Xull1, < 11

To obtain the second component we start from

ITeX — T, X|, =

‘Zg(/\i)X(/\i)q’i =2 8(ANX(A) e}

1

Ly

‘Z(g(/\i)X(/\i)(Pi_g( DX e}

Rearranging the terms we obtain

?

then taking into account that g(A;) = K, that g(A) has total variation
TV (h) and applying Cauchy-Schwartz we have

l

Y (g(A)X(A) i — s(ANHX (AT @l)

i

i

Ly

Y- (R R (M) @i — A X(AT) @)

i

< TV(h)[[X]|1,
Ly

+K||Y (X(A)gi — X(A]) @)

i

Ly
(12)

where the second term in eqn. (12) equals zero. Notice that if h(A) is
constant TV (h) = 0.

Putting together (8), (9), (10) and (11), we arrive at the first result of the
theorem as stated in (5). The second result [cf. (7)] is obtained by observ-
ing that, for X = X;;, bound (2) in (10) simplifies to || Tx, (X — Xy)||r, = 0;
and, similarly in (11), |TgX — Tg, Xu|l1, < [|X — Xu|1, = 0. [ ]



4 Proof of Propositions

4.1 Proof of Proposition 1

Proof: Partitioning the unitintervalas I; = [(i —1)/n,i/n]for1 <i<n
(the same partition used to obtain S,, and thus W,,, from W), we can use
the graphon’s Lipschitz property to derive

HW - W”HL](LXI])

1/n rl/n 1/n (1/n Jod Lq L1
<L dudv + L / =L 4L
< 1/0 /0 |u|dudo + 1/0 ; |v|dvdu o3 T 28

_L

-3 1
We can then write
L, I
W =Wull, (o1p) = Z W =Wallp, (1x1) < ”zﬁ =
L]
which, since W — W, : [0,1]?> — [—1,1], implies
VL
W = Wull, o) < \/HW = Wallz, (o2) < T
|

4.2 Proof of Proposition 3

Proof: Partitioning the unitintervalas [; = [(i—1)/n,i/n|for1 <i<n
(the same partition used to obtain x;, and thus X}, from X), we can use
the Lipschitz property of X to derive

1/n 12 L
X-X <,/L2/ 2y = || 3 2
| ) < L3 o du 33 T n/3n

We can then write

||X_Xn||L2([O,1]) :ZHX_X””LZ(L') <n = —.
1




4.3 Proof of Proposition 4

Proof: Let A := W/ — W and let Sy denote a k-dimensional subspace of
L>([0,1]). Using the minimax principle [2, Chapter 1.6.10], we can write

Me(Tw) = min max (TwX, X) .
Sk-1 XeSt |1 X]|1,=1

Therefore, it holds that

M(Twr) = M(Twa)

= min max (TwiaX, X)
Sk-1 XeSE | [1X],=1

= min max (Tw + TaX, X)
Sk-1 XeSE | [1X],=1

= min max ((TwX, X) + (TaX, X))
Sk-1 XeSE 1|1 X|lr, =1

< min max (TwX, X) + max (TaX, X)
Sk-1 \ XeSiE[1X]IL, =1 XeSik 1 IX|I,=1

< min max (TwX, X) +maxA(Th)
Sk-1 \ X€SiE[1X]|L, =1 ¢

= min max (TwX, X) + m[fix)\g(TA) = A (Tw) + m[ax)\g(TA) .

Sk-1 XeSt | [1X],=1

where the first inequality follows from max(a + b) < max(a) + max(b)
and the second from the fact that (T X, X) < max,; Ay(Ta) for all unitary
X. Rearranging terms and using the definition of the operator norm, we
get

As(Tyw) — A(Tw) < maxA,(Ta) < max |A(Ta)| = I Tall < Al

(14)

where we have also used the fact that the Hilbert-Schmidt norm domi-
nates the operator norm.

To prove that this inequality holds in absolute value, let A’ = —A. Fol-
lowing the same reasoning as before, we get

Me(Tw) = Ae(Twrar) < Ae(Tw) + 1| Tarll < A(Tw) + A1,



and since || Ty/|| = ||Ta |l and |A||r, = [|AllL,,
Ae(Tw) — A(Twr) < (I Tall < Al - (15)

Putting (14) and (15) together completes the proof. |
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