Graphon Filters

1 Proof of the Convergence of filter response for Lipschitz
continuous graph filters

We consider that, provided that the sequence of input graph signals {(G, x,)} converges
to a graphon signal, the output signals obtained by appling the filters H,(S,) converge
in the same sense as {(Gy, X)} in the vertex domain if the filter function & is Lipschitz
continuous.

A function h(A) : [0,1] — R is L-Lipschitz continuous in L, if, for all A, A’ € [0,1],
11(A) = (A (I, < LIA = A, - @

This is equivalent to bounding dh/dA by L in absolute value. For filter functions satisfying
(1), we can show that the filter response converges for any graphon signal.

We first recall the definition of convergent graph signal sequence:

Definition 1 (Convergent sequences of graph signals) A sequence of graph signals (G, x»)
is said to converge to the graphon signal (W, X) if there exists a sequence of permutations {7, }
such that, for any simple graph F,

lim t(F, Gy) — t(F, W) 2)

n—oo

i.e.,, G, converges in the homomorphism density sense, and

Jim | X, (G,) — X, =0 ®)

where (W, (G,)r X, (G,)) i the graphon signal induced by the permuted graph signal (70, (Gn), 7tn (X))

We also need to formalize the relationship between the spectral properties of the graphon
Wg, induced by G, and graphon signal Xg, induced by x;,.



Lemma 1 Let (Wg, Xg) be the graphon signal induced by the graph signal (G,x) on n nodes.
Then, for j € L we have

/\j(TwG) = /\jr(lS)
9i(Twe ) (u) = [vilk x Vnll (u € )
N (%]
[Xclj N

where A;(S) are the eigenvalues of the graph. For j & L, Aj(Twg) = [)A(G]j = 0and ¢j(Twg) =
X;, such that {@;(Twg )} U {X;} forms an orthonormal basis of L3[0,1].

Proof can be found in [?].

In frequency domain, if the filter function / is the same, the frequency responses of graph
filters and their graphon filters have the same expression. These frequency responses
actually converge to one another as n goes to infinity which is stated in the following
theorem.

Theorem 1 (Convergence of graph filter frequency response) On the graph sequence {G, },
let H,(Sy) be a sequence of filters of the form Hy(Sy) = V,h(An(Sy)/n)VE; and, on the
graphon W, define the filter Ty : L[0,1] — L»[0, 1] where (Tu¢)(v) = Ljcz\ {0} h(Aj(Tw)) X (A7) i (0).
If {Gy} converges to W and h : [0,1] — R is continuous, then

tim B (A;(S)/n) = Tua(A;(Tw) - @

n—o0

Proof can also be found in [?]. Combine the above theorem with the convergence of
Fourier transform for graphon bandlimited signals, the following corollary gives account
of the limit behavior of the graph filter response in the vertex domain.

Corollary 1 (Convergence of graph filter response for graphon bandlimited signals) Let
{(Gu,yn)} be the sequence of graph signals obtained by applying filters H,(S,) = Vuh(Ay(Sn)/n)VH
to the sequence { (G, Xy ) }, and let (W, Y) be the graphon signal obtained by applying the graphon

filter (TuX)(v) = Ljez\ {0} h()\j)f(()\j)q)j(v) to the c-bandlimited signal (W,X), where W

is non-derogatory. If {(Gy,xn)} converges to (W,X) and the function h is continuous, then
{(Gn,yn)} converges to (W,Y) in the sense of Def. 1.

The general convergence conclusion is stated in the following theorem for Lipschitz con-
tinuous graph filters and arbitrary graphons. We first consider the setting with a non-
derogatory graphon W.

Theorem 2 (Convergence of filter response for Lipschitz continuous graph filters) Let {(G;,y.)}
be the sequence of graph signals obtained by applying filters H,(Sy) = Vuh(Au(Sy)/n) Vi to



the sequence {(Gy,xn)}, and let (W,Y') be the graphon signal obtained by applying the graphon
filter (TgX)(v) = L2, h(A)X(A;)@;(v) to the signal (W, X), where W is non-derogatory. If
{(Gn,xn)} converges to (W, X) and the function h is L-Lipschitz, then {(Gy,y»)} converges to
(W, Y) in the sense of Def. 1.

Proof: Our derivations use the graphon signals (Wg,, xg,) and (Wg,, Yg,) induced by
the graph signals (G, x,) and (G, yx) to facilitate comparison with (W, X) and (W,Y).
We simplify notation by writing W, = Wg,, X, = Xg,, Yu = Yg, and A? = A;(Tw, ). We
will also drop the subscript L, when writing the Ly norm as || - ||, = || - [|.

Without loss of generality, consider the normalized filter function 1(A) = h(A)/ max refoa) h(A).
The signal (W, Y) obtained by applying Ty to (W, X) can be written as

h(Aj) X (A7) @i(v) @)

Ms

Y(0) =
1

and the graphon signal (W, Y;;) induced by y, = H(S,)x, as

M:

Yu(0) = Y R(AT/n) X, (A ) ei(Tw,)(0) - (6)

i=1

where we make the dependence of the eigenfunctions ¢;(Tw, ) on Tw, explicit to differ-
entiate between them and ¢;.

To show that (W,,Y;) converges to (W,Y), we start by writing their norm difference
using (5) and (6),

8

Y k(A = Y () X (uf ) 9i(Tw,,) 7)

i=1 i=1
where p!! = Al'/n. Defining the set C = {i | [A;| > c}, where ¢ = (1 — h,,)e/L||X|| with
€ > 0 and h,, = minp h(A), these sums can be split up between i € C and i ¢ C such
that

1Y =Yall =

n

¥ )R 9i = 3 R0 K1) 91(To, )

i=1 i=1

<X RADX A = Y h(u) X (1) 9i(Tw,) || G 8)
ieC ieC

[ )X A @i = Y () X (1) i(Tw, )| G -
igC i¢C

We first derive a bound for (i) by noticing that this expression corresponds to the differ-
ence between two bandlimited graphon signals. By Corollary 1, there exists 1y such that,
for all n > ny,

| Y RA)X(A)@i — Y h(u) Kn (1) @i (Tw, ) || <€ )

ieC ieC




For (ii), we use the filter’s Lipschitz property to derive

Y hA)X (A = ) R () R () @i(Tw, )

i¢C i¢C
i¢C i¢C
= | Y [X(A1) @i — X (1) i(Tw,, )] + Le Y X(A1) i
i¢C igC

Note that because {¢;} and {¢;(Tw,)} form complete bases of Ly, } izc X(A;)@; and
Yize Xu(u?)@i(Tw,) can be written as

Y X(A)gi=X—-Y_ X(A)¢; and (11)
i¢C ieC

Y X ei(Tw,) = Xu — Y X() 9i(Tw,) - (12)
i¢C ieC

Using these identities, we once again leverage the fact that X, converges to X in L, and
Corollary 1 to show that there exists n1 such that, for all n > nq,

Y Xu(u!)ei(Tw,) — X(A))gi|| <e.  (13)

ieC

%X()‘i)q’i —Xn(u?)qvi(Twn)H =

Applying the Cauchy-Schwarz and triangle inequalities and substituting (13) in (10), we
arrive at a bound for (ii),

Y AN X ()i = Y R ) X (1] ) 9i(Tw, ) || < Hasne + Le || ) X(Ai) @i
i iac izc (14)
< ham€+ Le|| X|| =€ .
Putting (9) and (14) together, we have thus proved that for all n > max {ng, 11},
1Y — Yall < 2¢ (15)
i.e., the output of H(S,) converges to the output of Tg. [ |

The Lipschitz condition on the filter i allows bounding the variability of the filter response
for signal components associated with eigenvalues smaller than some c € [0, 1]. However,
here we still need the graphon W to be derogatory. The main difference lies in that
the WFT cannot be defined. Therefore we cannot utilize the theorem for convergence
of WFT. However, this is extenuated by Proposition 1. As long as eigengaps between
adjacent eigenspaces can be defined, this proposition ensures convergence not only of the
eigenvectors of a graph sequence, but also of the finite-dimensional eigenspaces associated
with the repeated eigenvalues of an arbitrary graphon.



Proposition 1 (Graphon subspace convergence) Consider a sequence of graphs {G,} with
normalized eigenvalues u! = A;(Sy)/n, and let this sequence converge to the graphon W with
eigenvalues A;. If A; has multiplicity m; and { M, i, are the eigenvalues of G, converging to Aj,
then

Ery, ({15 }) = Eryg (M) (16)
where W, is the graphon induced by G, and Er({A}) denotes the spectral projection onto the
subspace associated with the eigenvalues {A}.

We conclude by presenting our most general result: filter response convergence for Lip-
schitz continuous graph filters and arbitrary graphons. This result is stated in Theorem
3.

Theorem 3 (Convergence of filter response for Lipschitz continuous graph filters) Let {(Gy,y,)}
be the sequence of graph signals obtained by applying filters H, (Sy,) = V,h(An(Sy)/n)VE to the

sequence {(Gy,xn)}, and let (W,Y') be the graphon signal obtained by applying the graphon filter
(TaX)(v) = Y2, h(A)X(A:)@i(v) to the signal (W, X). If {(Gp,x4)} converges to (W, X)

and the function h is L-Lipschitz, then {(Gy, yn)} converges to (W,Y) in the sense of Def. 1.

Proof: In the following, we consider the normalized filter function 1(A) = h(A)/ max, ¢ 0,1) (A)
to simplify our derivations. We also consider the graphon signals (W, X,) induced by

the graph signals (G, x,) interchangeably, recalling that their spectral properties are pre-
served per Lemma 1. The L, norm is written as || - ||, = || - || to make notation less
cumbersome.

In order to prove filter output convergence for sequences of graphs converging to arbi-
trary (possibly derogatory) graphons, we must separate the convergence analysis between
spectral components associated with eigenvalues with multiplicity m; = 1 and eigen-
values with multiplicity m; > 1. We thus write the output graphon signal (W,Y) as
Y =YW +Y®, with

YW = Y A(A)X(A)gi and 17)
ieM_q

Y@ = Y R(A)TI(X, M) (18)
igM_y

and where M_; = {i | m; = 1} and II(X, A;) denotes the projection of (W, X) onto the
eigenspace associated with A;.

As for the graphon signals (W,, Y,), their spectral decomposition is split between eigen-
values converging individually to different eigenvalues of W, and eigenvalues that are

part of a set converging to a common eigenvalue of W, i.e., Y, = Y,Sl) + Y,Ez) where

Y\ = Y R Xa(ul)@i(Tw,) and (19)
ieM_q

Y = Y RGTI(X,, ) (20)
igM_q



and where M_y = {i [ ! = Aj,m; =1} and p} = A;(Tw, ).

From Theorem 2, we conclude that Y,gl) — YW as n — co. It remains to show that
Yr(lz) = Y®, Using (17) and (19), we write

YO -y P = ¥ A)TIA) — Y R()TI(X,, )

igM_q igEM_q

‘ . 1)

These sums can be further split up by defining the set C = {i | i ¢ M_1, |A;| > ¢}, where
¢ = (1~ hyn)e/L||X]|, B = ming g h(A) and € > 0. This allows us to rewrite (21) as

Yo ROOTIXA) =} (i )TI(X, )

igM_q i¢M_q
< || Y R(ADTI(X, A) — Zﬁ(ﬂ?)ﬂ(xn/#?)H @ (22)
ieC ieC
+ Y RADTI(X, Ay) — Y h(u)TH( X, 1) ‘ (ii) .
iZC i¢C
From Proposition 1 and Theorem 1, there exists ny such that
Y RADTI(X, A7) = Y h(uHII(X, pif) || < € (23)
ieC ieC

for all n > ng, which gives a bound for (i). Using the filter’s Lipschitz continuity, we can
also derive a bound for (ii),

Y RADTI(X, Ag) = Y ()T X, pf)

i¢C i¢C
<Y (M + LO)TI(X, ) = Y B IT(Xon, 1) (24)
iZC i¢C
= | Y, [T(X, Aj) = TX( X, )] + Le Y JTI(X, A9 ||
igC iZC
Noting that };#c I1(X, A;) can be written as
Y II(X, M) = X = ) _TI(X, Ay) (25)
i¢C ieC
and Yz T1(X,, pl') as
Y TI(Xo, i) = X =} TI(X, 1) (26)
i¢C ieC

and using Proposition 1 and the fact that X, converges to X in the sense of Def. 1, we
conclude that there exists n; such that, for all n > n;,

Y TI(X, Aq) = TI( X, i} <e. 27)

i¢C

Y TI(Xn, ') — TI(X, Ay)
ieC




Using the Cauchy-Schwarz and triangle inequalities and substituting (13) in (10), we get

Y RADTI(X, Ap) = Y ()T Xy, i)

i¢C i¢C

(28)
< hpwe + Le ||Y_TI(X, Ay) || < hywe + Le|| X =€
i¢C
by which we have thus proved
Y — Yy|| < 2¢ for all n > max {ng, n1} (29)
i.e., the output of H(S,) converges to the output of Tg. [ ]
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